We prove under certain natural conditions the finiteness of the number of isomorphism classes of Zariski dense subgroups in semisimple groups with isomorphic p -adic closures.
Nguyêñ
We are most interested in the finiteness aspect of above question, i.e., given topological isomorphisms Cl v (G) Cl v (G i ) for all v , where i runs over a set of indices I , we ask whether the set of isomorphism classes of {G i } i∈I is finite.
These questions are closely related also to the congruence subgroup problem and strong approximation in simply connected algebraic groups in its wide sense.
It is our objective to establish the finiteness of the number of isomorphism classes in the case of Zariski-dense subgroups of almost simple simply connected groups, which are big in certain sense.
In general, this is a difficult question and we will show the finiteness to hold under certain restrictions. The first restriction is to require the groups G i to be "big" in the following sense. For simplicity we restrict ourselves to the case k = Q. Let G i be a Zariski dense subgroup of a simply connected absolutely almost simple Q-group G i → GL n i , such that G i ⊂ G i (Z), for each i in certain set of indices I , and G i G j if i = j . Assume that each G i satisfies the condition
This condition means that the groups G i are "big" so that one can recover the group G i from local closures. As it follows from Nori's Theorem [No] , these groups are arithmetic subgroups in G i (Z). A Zariski dense subgroup G i ⊂ G i satisfying this condition (B) such that all closures Cl p (G i ) are open and compact subgroups of G i (Q p ) will be called big .
The Theorem.
Our main result can be stated as follows.
Theorem 2.1. Let G i be Zariski-dense subgroups in simply connected absolutely almost simple Q-groups G i (i ∈ I ), such that G i ⊂ G i (Z), and that all G i are big in G i ; assume further that they are mutually non-isomorphic, while their p-adic closures are topologically isomorphic for all primes p. Then the set {G i } i∈I is the disjoint union of a finite number of isomorphism classes. The proof of the theorem will be given in several steps.
We fix two groups G, H from the set B(G) := {G i } i∈I . The Lie algebra of a Lie (resp. p-adic or algebraic) group G will be denoted by L(G). We fix once for all a matrix realization of G into GL n (Ω). The adjoint group of G will be denoted by Ad(G).
Lemma 2.2.
The set B(G) is a disjoint union of finitely many classes of groups G i with Q-isomorphic Zariski closures.
Proof.
By our assumption, each p-adic closure Cl p (G i ) is an open and compact subgroup of G i (Q p ) and they are isomorphic to each other as topological groups. Denote by f p : Cl p (G) Cl p (H) the given topological isomorphism, where G and H are two fixed groups from {G i } i∈I . By [Pi] , Corollary 0.3, f p can be extended uniquely to a Q p -isomorphismf p : G H, so G and H are Q-linear algebraic groups which are Q p -isomorphic for all p. By Borel -Serre [BS] , Théorème 7.1, it follows that such groups lie in finitely many Q-isomorphic classes.
From now on we assume that all groups G i have Q-isomorphic Zariski closures.
The following lemma shows the adele nature of the family (f p ).
Lemma 2.3.
With the notation as in the proof of Lemma 2.2, for almost all p, f p is a Z p -polynomial isomorphism with respect to the given matrix realization of the groups G and H.
Proof.
Recall that we have fixed an embedding G ⊂ GL n (Q). Since f p is an isomorphism of topological groups, it is also an isomorphism of p-adic analytic Lie groups (see e.g. [Se] . Ch. 5. Sec. 9, or [DDMS] , Sec. 9.2), thus it maps a open standard subgroup S G of Cl p (G) onto a open standard subgroup S H of Cl p (H) (see [DDMS] , Sec. 8. 4, [Se] , Ch. 4, Sec. 8 for more details). From the definition of Lie algebras of standard groups ( [Se] , Ch. 5, Sec. 1, [DDMS] , Sec. 4.5) and the construction of standard subgroups it follows that L(S G ) L(S H ) as Z p -Lie algebras, i.e., as Lie algebras with structural constants belonging to Z p ( [Se] , Ch. 5, Sec. 1) so that df p must be a Z p -linear map with respect to the given matrix realization (which is always fixed). Since
L(H), and so also for
; here π i denotes the corresponding isogeny. It follows that for those p not lying in the set T of primes dividing m = Card(Ker (π 1 )),f p is also defined over Z p . Thereforef p is defined over Z p for all p not belonging to T .
In the sequel we need the following lemma in order to realize Aut(G) as linear algebraic group over Q. Lemma 2.4.
With above notation, let f 1 , . . . , f N be Q-rational functions over G which are linearly independent over Q. Then there exist
We prove the claim by induction on N . The case N = 1 is trivial. Recall that G(Q) is Zariski dense in G. Define f (x 1 , ..., x n ) := det(f i (x j )) 1≤i,j,≤N . Let N > 1 and assume that we have found N − 1 points x 1 , . . . , x N −1 such that c = det(f i (x j ) 1≤i,j≤N −1 ) = 0. Consider the following Q-rational function g(z) on G defined by g(z) := f (x 1 , ..., x N −1 , z), and expand the determinant g(z) by the last row. We obtain g(z) = a 1 f 1 (z) + · · · + a N −1 f N −1 (z) + cf N (z). If for all Nguyêñ x ∈ G(Q) we had g(x) = 0, then due to the Zariski density of G(Q) in G, it would follow that g(z) ≡ 0. Therefore c = 0 since f 1 , ..., f N are Q-linearly independent, which contradicts the choice of c.
Denote by M = Aut(G) the group of rational automorphisms of G. It is well-known that M has the natural structure of a linear Q-algebraic group (see, e.g., [BS] , [HM] ). We need a specific realization of the group M , which plays a crucial role in our proof, as follows. Let A be the adele ring of Q.
Proposition 2.5.
With above notation there is a realization of M as a linear algebraic Q-group such that for every H ∈ B(G) and for any Q-isomorphism g : H → G, the family (g • f p ), where p runs over all prime numbers, belongs to M (A).
First we fix a universal domain Ω. It follows from results of [HM] that G is a conservative Q-group, i.e., the group M acts locally finitely on the Q-algebra Q[G] of regular functions defined over Q on G. As before, we fix an embedding G → GL n (Ω) and let x ij (1 ≤ i, j ≤ n) be the coordinate matrix functions on G. Let V be the smallest finite dimensional Q-vector subspace of Q[G] containing x ij , 1 ≤ i, j ≤ n, which is M -invariant (i.e. V is generated by x ij and their images under the action of M ). Let {f 1 , ..., f N } be Q-regular functions over G which form a Q-basis of V containing all x ij (notice that all x ij are Q-linearly independent). By multiplying f k with a suitable integer, we may assume that all f k are Z-polynomial functions.
For φ ∈ M let the action of φ be given by φ(
ij f j , where a (φ) ij ∈ Ω (=universal domain). Since the Q-basis {f 1 , ..., f N } contains all coordinate functions, it follows that the mapping Φ : φ → (a (φ) ij ) is a faithful Q-representation of M into GL(V ), where the latter is identified with GL N (Ω) by means of the basis {f 1 , ..., f N }. Further we will identify M with a closed Qsubgroup of GL N (Ω). Thus φ ∈ M (Z p ) if and only if a (φ) ij ∈ Z p , for all i, j. Now letf p : G H be the (unique) isomorphism extending the isomorphism f p : Cl p (G) Cl p (H) (so thatf p is defined over Q p ) and let g : H G be any Q-isomorphism.
We now choose elements x 1 , ..., x N as in Lemma 2.4. For convenience we write a ij = a (fp) ij , where p is fixed. Then we have the following systems of equations
. . .
where c, d ∈ Z \ {0}. Since the elements x i ∈ G(Q) are finite in number, we may assume that
1 ] is the localization at a finite set S 1 of primes, which contains the set of primes dividing c. By Lemma 2.3, for certain finite set S 2 of primes, the isomorphismf p (see notation above) is defined over Z p for p ∈ S 2 . For a finite set S 3 of primes, we see that g is defined over Z p for p / ∈ S 3 . Let S = S 1 ∪ S 2 ∪ S 3 . Then by solving the system A t above with respect to a t1 , ..., a tN , we have a ij = (1/r)d ij , for all i, j, where
is an infinite subgroup of M (A). Next we want to parametrize the set B(G) by assigning to each H ∈ B(G) a double coset class in M (Q)\M (A)/C(G) defined as follows :
Proposition 2.6.
The correspondence defined above is a well-defined map.
First we have to show that the class M (Q)(g •f p )C(G) does not depend on the choice of g and (f p ).
Let g : H G be another Q-isomorphism, and for all p, let f p : Cl p (G) Cl p (H) be an isomorphism with the extensionf p : G → H. Then we have
Hence for all p we havef p
The injectivity of the map H → a(G, H) now follows from the following Proposition 2.7. If (G, H) and (G, K) have the same double coset class, then
With notation of the proof of Proposition 2.6, by the assumption we have for all primes p f
by the assumption that the groups G i are big.
i.e., (f −1 •f )(H) = K, and H K ; thus H = K since all groups G i are mutually non-isomorphic. Proposition 2.7 is proved.
The preceding observations show that the cardinality of B(G) is not greater than the cardinality of M (Q)\M (A)/C(G). We want to show that the latter is finite. Define
, where A(∞) denotes the subring of finite adeles of A. In particular we have
The following proposition plays a crucial role in the proof of the finiteness of Card(M (Q)\M (A)/D).
Proposition 2.8.
There is only a finite number of subgroups of a given finite index m in G(Z p ).
Proof.
Let R be a subgroup of index m in G(Z p ). First we assume that R is a normal subgroup. Then by considering the factor group G(Z p )/R we conclude that R contains the subgroup G(Z p ) m of G(Z p ) generated by the m-powers. Then it suffices only to prove that
Passing to a open standard subgroup G (of finite index) of G(Z p ) we need only show that G m is of finite index in G . It is known ( [DDMS] , Theorem. 8.31), that G is a uniform pro-p-group of finite rank, say, d, and G is topologically generated by its d elements g 1 , ..., g d (loc. cit., Theorem 3.17). Also, by (loc. cit., Theorem 4.9) there exists a homeomorphism ψ : Z 
Nguyêñ
The proof of Theorem 2.1 now follows from the results above.
